Causality in noncommutative spacetime by Abreu, Everton M. C. & Neves, Mario J.
ar
X
iv
:1
10
8.
51
33
v1
  [
he
p-
th]
  2
5 A
ug
 20
11
Prepared for submission to JHEP
Causality in noncommutative spacetime
Everton M. C. Abreua,b,c and Mario J. Nevesa
aGrupo de F´ısica Teo´rica, Departamento de F´ısica,
Universidade Federal Rural do Rio de Janeiro
BR 465-07, 23890-971, Serope´dica, Rio de Janeiro, Brazil
bCentro Brasileiro de Pesquisas F´ısicas (CBPF),
Rua Dr. Xavier Sigaud 150, Urca,
CEP 22290-180, Rio de Janeiro, Brazil
cDepartamento de F´ısica, ICE, Universidade Federal de Juiz de Fora,
36036-330, Juiz de Fora, MG, Brazil
September 12, 2018
E-mail: evertonabreu@ufrrj.br, mariojr@ufrrj.br
Abstract: In this paper we investigated the causality problem present in the recent work
about the Doplicher-Fredenhagen-Roberts-Amorim (DFRA) noncommutative framework
which analyzed the complex scalar field. To accomplish this task we provided a brief
review of the main ingredients of the problem and we demonstrated precisely that the
DFRA algebra obeys the rules of the Canonical Commutation Relations algebra. This
fact permitted us to prove the form of the DFRA operators previously constructed in the
usual way. After that, we introduced the solution of its Klein-Gordon equation with a
source term. Its solution was accomplished through the retarded, advanced and causal
Green functions constructed in this noncommutative ten dimensional DFRA spacetime.
We believe that this solution constitutes the first step in the elaboration of a quantum field
theory using the DFRA formalism where the noncommutative parameter is an ordinary
coordinate of the system and therefore has a canonical conjugate momentum.
Keywords: Field Theories in Higher Dimensions, Non-Commutative Geometry, Inte-
grable Equations in Physics
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1 Introduction
The inconvenience of having infinities that destroy the final results of several calculations in
quantum field theory motivated theoretical physics to ask if a continuum spacetime would
be really necessary. The obvious alternative would be to construct a discrete spacetime
with a noncommutative (NC) algebra.
Grabbing these ideas Snyder [1] published a first work considering the spacetime as
being NC. However, Yang [2] demonstrated that Snyder’s hopes about getting rid of the
infinities were not achieved by noncommutativity. This demonstration doomed the Snyder
NC theory to years of ostracism. After the important result that the algebra obtained
with a string theory embedded in a magnetic background is NC, a new flame concerning
noncommutativity was rekindle [3, 4].
One of the alternatives (the most famous at least) of introducing noncommutativity
is through the Moyal-Weyl product where the NC parameter (θµν) is an antissimetric
constant [5]. However, at superior orders of calculations the Moyal-Weyl product turns out
to be highly nonlocal. This fact forced us to work with low orders in θµν.
One and more recent way to work with noncommutativity was introduced by Doplicher-
Fredenhagen-Roberts (DFR) which considered θµν as an ordinary coordinate of the system
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[6]. Recently, in [7] Amorim came across with the idea of constructing an extension of
the DFR spacetime introducing the conjugate canonical momentum associated with θµν
(for a review the reader can see also [8]). This extended and new NC spacetime has ten
dimensions: four relative to Minkowski spacetime and six relative to θ-space.
After this first work, a new version of NC quantum mechanics (NCQM) [7, 9–11]
was introduced, where not only the coordinates xµ and their canonical momenta pµ are
considered as operators in a Hilbert space H, but also the objects of noncommutativity θµν
and their canonical conjugate momenta πµν . All these operators belong to the same algebra
and have the same hierarchical level, introducing a minimal canonical extension of the DFR
algebra, the so-called Doplicher-Fredenhagen-Roberts-Amorim (DFRA) formalism. This
enlargement of the usual set of Hilbert space operators allows the theory to be invariant
under the rotation group SO(D), as showed in detail in Ref. [7, 11], when the treatment
is a nonrelativistic one. Rotation invariance in a nonrelativistic theory is fundamental
if one intends to describe any physical system in a consistent way. In Ref. [9, 10], the
corresponding relativistic treatment was explored, which permits us to implement Poincare´
invariance as a dynamical symmetry [12] in NCQM [13]. In [14] it was considered the
“second quantization” of the model discussed in Ref [9], showing that the extended Poincare´
symmetry here is generated via generalized Heisenberg relations, giving the same algebra
displayed in [9, 10]. However, in our opinion, although some relations between the NC
coordinates/momentum and its respective operators is complete, it is still missing a whole
and rigorous fathoming of how to construct such operators.
Although it was constructed a NC DFRA Klein-Gordon equation in [14] with a source
term, an effective action using the Green functions was not calculated to the end. It was
only given its general expression. In other words, here we did explored all the solutions
of the KG equation, the homogeneous and non-homogeneous one. Concerning the non-
homogeneous solutions, we can have it with the source term and another solution where
the source term is a delta function. For each one kind, we have a different and well-known
approach for the Green function. However, what is new here is to bring this approach to
the NC realm.
In this work we accomplished both tasks computing the advanced, retarded and causal
Green functions for the charged scalar field with sources. And we described the equivalence
between the DFRA algebra and the well-known Canonical Commutation Relations (CCR)
algebra. This equivalence helped us to construct precisely the operators involved in the
DFRA algebra, instead to follow what the commutators determine, which can cause incor-
rect constructions. Namely, so far in the literature, the DFRA operators were constructed
only through the usual way. Here, we provided a rigorous demonstration of the form of
these operators.
The subjects are distributed through the paper following a sequential order such as
in section II we review Snyder’s algebra and its subtleties. In section III we write the
mathematical basis of DFRA algebra. It contains a very brief review of the Canonical
Commutation Relations (CCR) algebra. In section IV we describe the DFRA formalism and
we showed the the DFRA algebra obeys the CCR rules. In section V, to be self-contained,
we review the NC Klein-Gordon in DFRA spacetime and describe its symmetries. In
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section VI we provide the ingredients for the computation of the NC Green functions.
It was carried out in section VII, where we computed the retarded and advanced Green
functions. The causal Green function (the Feynman propagator) was computed in section
VIII and the conclusions and perspectives for future works are depicted in the ninth section.
2 Snyder’s algebra
The relativity theory can be based on the invariance of the indefinite quadratic form,
s2 = (x0)2 − (x1)2 − (x2)2 − (x3)2 = −xµ xµ (2.1)
for the transformation of one inertial reference systems to another.
Snyder considered xˆ as the Hermitian operators for the spacetime coordinates of a
particular Lorentz reference system. He deemed also that xˆ spacetime coordinates spectra
are invariant under Lorentz transformations [15, 16]. We know it is true concerning the
standard continuous spacetime. However, Snyder showed that this solution is not unique.
There is a Lorentz invariant spacetime where there is a natural length unit within.
The target for Snyder was to find the operators xˆ that have a Lorentz invariant spec-
trum. To accomplish this task, he considered the homogeneous quadratic form
− (y)2 = (y0)2 − (y1)2 − (y2)2 − (y3)2 − (y4)2
= − yµ yµ − (y4)2 , (2.2)
where the y′s are real variables. Hence, xˆ are defined through the infinitesimal elements
of the group under which (2.2) is invariant. We can write xˆ as [15, 16]
xˆµ = i a
(
y4
∂
∂yµ
− yµ ∂
∂y4
)
, (2.3)
where a is the natural length unit. These mentioned operators work over yµ and y4 func-
tions. The xi (i = 1, 2, 3) spectra are discrete. But x0 has a continuous spectrum which
limit goes from −∞ to +∞.
The transformations that leave invariant y4 and the quadratic form (2.2) are covariant
Lorentz transformations cause contravariant Lorentz transformations in xˆ.
Now we will define additional operators,
Mˆµν = i a
(
yµ
∂
∂yν
− yν ∂
∂yµ
)
, (2.4)
which are infinitesimal elements of the four-dimensional Lorentz group.
The ten operators defined in (2.3) and (2.4) have the following commutation relations,
[
xˆµ, xˆν
]
= i a2 Mˆµν (2.5a)[
Mˆµν , xˆλ
]
= i
(
xˆµ ηνλ − xˆν ηµλ
)
(2.5b)[
Mˆµν ,Mˆαβ
]
= i
(
Mˆµβ ηνα − Mˆµα ηνβ + Mˆνα ηµβ − Mˆνβ ηµα
)
(2.5c)
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The Lorentz symmetry SO(3, 1) given in (2.5c) was extended to SO(4, 1) symmetry deter-
mined by Eqs. (2.5).
We can fathom the position operators xˆi, which have discrete spectra, in terms of
a position non-zero minimum uncertainty. It is possible [15] to obtain the space part of
Snyder algebra if we consider it as a generalized Heisenberg algebra.
3 The CCR algebra
In order to make this paper self-contained, in this section we intend to make a very brief
review of the CCR algebra in order to support mathematically the DFRA algebra. We will
show here and in the next section that the commutators defined in DFRA algebra obey
the CCR algebra and therefore we can construct some operators of this NC spacetime.
We will introduce some theorems but we will not provide the respective demonstrations,
which can be found in basic references such as [17], which we will follow closely in this
section.
With this idea in mind, let us write the Stone’s theorem, which states that, if U(t) is
a strongly continuous one-parameter unitary group on a Hilbert space H, then, there is a
self-adjoint operator A on H so that U(t) = eitA. Demonstration in [17].
Another useful theorem says that if t → U(t) = U(t1, . . . , tn) is a strong continuous
map of Rn into the unitary operators on a separable Hilbert space H satisfying U(t+ s) =
U(t)U(s) and U(0) = I. Let D be the set of finite linear combinations of vectors of the
form
ϕf =
∫
Rn
f(t)U(t)ϕdt , ϕ ∈ H , f ∈ C∞0 (Rn) (3.1)
Therefore D is the domain of essential self-adjointness for each of the generators Aj of the
one-parameter subgroups U(0, 0, . . . , tj , . . . , 0) each Aj : D → D and the Aj commutate,
j = 1, . . . , n. Furthermore, there is a projection-valued measure Pλ on R
n so that(
ϕ , U(t)ψ
)
=
∫
Rn
eit·λ d(ϕ,Pλ ψ) (3.2)
for all ϕ,ψ ∈ H [17].
With both theorems and some additional considerations [17] we can define that two
self-adjoint operators A and B are said to commute if and only if all the projections
in theirs associated projection-valued (defined in (B)) measures commute. But notice
that if A and B are self-adjoint operators on a Hilbert space H, then the following three
statements are equivalent: (i) A and B commute; (ii) if Imλ and Imµ are nonzero, then
Rλ(A)Rµ(B) = Rµ(B)Rλ(A) and (iii) for all s, t ∈ R, eitA eisB = eisB eitA [17], where we
can write
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eitA ≈ I +
∞∑
n=1
(itA)n
n!
eisB ≈ I +
∞∑
n=1
(isB)n
n!
(3.3)
So, for example, if a pair P,Q of self-adjoint operators is said to “obey” the CCR, so
we have that
PQ − QP = − i I (3.4)
and P and Q cannot both be bounded. If they were, the relation PQn − Qn P = −inQn−1
would imply,
n ‖Q‖n−1 = n ‖Qn−1‖ ≤ 2 ‖P‖ ‖Q‖n (3.5)
and for all n, 2 ‖P‖ ‖Q‖ ≥ n, which is a contradiction. Hence, either P or Q or both must
be unbounded. The standard realization or “representation” used in quantum mechanics
is Schro¨dinger representation where
H = L2(R) (3.6)
and P and Q are the closures of i−1d/dx and multiplication by x on S(R), where S(R) is
a domain of essential self-adjointness for i−1d/dx and x,
1
i
d
dx
: S(R)→ S(R) , x : S(R)→ S(R) (3.7)
and for ϕ ∈ S(R),
1
i
d
dx
(xϕ) − x
(1
i
d
dx
ϕ
)
= −i ϕ . (3.8)
This last considerations will be very important for us the future.
Finally, let us state the so-called von Neumann theorem which says that if U(t) and
V (s) are one-parameter, continuous, unitary groups on a separable Hilbert space H satis-
fying the Weyl relations, then, there are closed subspaces Hl so that [17]:
(i) H =
N⊕
l=1
Hl (N a positive integer or ∞);
(ii) U(t) : Hl →Hl, V (s) : Hl →Hl for all s, t ∈ R;
(iii) for each l there is a unitary operator Tl : Hl → L2(R) such that Tl U(t)T−1l is multi-
plied by eisX .
We will see the implications of these theorems and definitions in the following sections.
We will show that the DFRA algebras in fact obey the rules of the CCR where the relations
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(3.4) and (3.5) are obeyed by DFRA algebra. And we can also construct the Schro¨dinger
repesentation (3.7) and (3.8) for the DFRA quantum mechanics.
4 Quantum Mechanics in the DFRA noncommutative space
These spontaneous manifestations of noncommutativity can lead us, for example, to the
fact that standard four-dimensional spacetimes may become NC, namely, that the position
four-vector operator xµ obeys the following rule
[xµ , xν ] = i θµν , (4.1)
where θµν is a real, antisymmetric and constant matrix. It can be demonstrated that, in a
certain limit, a gauge theory on noncommutative spaces is tantamount to string theory.
As we said above, in the early works [1, 2], it was introduced a five dimensional
spacetime with SO(4, 1) as a symmetry group, with generatorsMAB , satisfying the Lorentz
algebra, where A,B = 0, 1, 2, 3, 4 and using natural units, i.e., ~ = c = 1. Moreover, the
relation between coordinates and generators of the SO(4, 1) algebra can be written as,
xµ = aM4µ
(where µ, ν = 0, 1, 2, 3 and the parameter a has dimension of length), promoting in this
way the spacetime coordinates to Hermitian operators. The mentioned relation introduced
the commutator,
[xµ,xν ] = ia2Mµν (4.2)
and the identities (2.5b) and (2.5c), which agree with four dimensional Lorentz invariance.
Some years back, in [6], the authors essentially assumed (4.1) as well as the vanishing
of the triple commutator among the coordinate operators. The DFR algebra is based on
principles imported from GR and QM. In addition to (4.1) it also assumed that
[xµ, θαβ] = 0 . (4.3)
With this formalism, DFR demonstrated that after the combination of QM with clas-
sical gravitation theory, the ordinary spacetime lost all operational meaning at short dis-
tances.
An important point in DFR algebra is that the Weyl representation of NC operators
obeying (4.1) and (4.3) keeps the usual form of the Moyal product,
ϕ(x) ⋆ ψ(x) = exp
[ i
2
θµν
∂
∂ xµ
∂
∂ yν
]
ϕ(x)ψ(y) |x=y , (4.4)
and consequently the form of the usual NCFT’s, although the fields have to be consid-
ered as dependent not only on xµ but also on θαβ. The argument is that very accurate
measurements of spacetime localization can transfer to test particles, sufficient energies to
create a gravitational field that in principle can trap photons. This possibility is related
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to spacetime uncertainty relations that can be derived from (4.1) and (4.3) as well as from
the quantum conditions
θµνθ
µν = 0
(
1
4
∗θµνθµν)2 = λ8P l (4.5)
where ∗θµν = 12ǫµνρσθ
ρσ.
In this section we will furnish the main ingredients of the extended DFR algebra. The
interested reader can find more details and an extensive list of other approaches for the
NC theories in [5].
Remembering that the DFR algebra [6] essentially assumes (4.1) as well as the van-
ishing of the triple commutator among the coordinate operators,
[xµ , [xν , xρ ] ] = 0 . (4.6)
It is easy to realize that this relation constitute a constraint in a NC spacetime. Notice
that the commutator inside the triple one is not a c-number.
The basic DFR algebra relies on principles imported from GR and QM. In addition to
(4.1) it also assumes that
[xµ, θαβ] = 0 , (4.7)
and we consider that space has arbitrary D ≥ 2 dimensions. As usual xµ and pν , where
i, j = 1, 2, ...,D, and µ, ν = 0, 1, ....,D, represent the position operator and its conjugate
momentum in Euclidean and Minkowski spaces respectively. The NC variable θµν represent
the noncommutativity operator, but now πµν is its conjugate momentum. In accordance
with the discussion above, it follows the algebra[
xµ,pν
]
= iδµν , (4.8a)[
θµν, παβ
]
= iδµναβ , (4.8b)
where δµναβ = δ
µ
αδνβ − δµβδνα. The relation (4.1) here in a space with D dimensions, for
example, can be written as
[xi,xj ] = i θij and [pi,pj ] = 0 (4.9)
and together with the triple commutator (4.6) condition for the standard spacetime, i.e.,
[xµ, θνα] = 0 . (4.10)
This implies that
[θµν , θαβ] = 0 , (4.11)
and this completes the DFR algebra.
Recently, in order to obtain consistency it was introduced [7], as we talked above, the
canonical conjugate momenta πµν such that,
[pµ, θ
να] = 0 , [pµ, πνα] = 0 . (4.12)
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The Jacobi identity formed by the operators xi, xj and πkl leads to the nontrivial
relation
[[xµ, παβ ],x
ν ]− [[xν , παβ ],xµ] = −δµναβ . (4.13)
The solution, not considering trivial terms, is given by
[xµ, παβ ] = − i
2
δµναβpν . (4.14)
It is simple to verify that the whole set of commutation relations listed above is indeed
consistent under all possible Jacobi identities. Expression (4.14) suggests that the shifted
coordinate operator [18–22]
Xµ ≡ xµ + 1
2
θµνpν , (4.15)
commutes with πkl. Actually, (4.15) also commutes with θ
kl and Xj, and satisfies a non
trivial commutation relation with pi dependent objects, which could be derived from
[Xµ,pν ] = iδ
µ
ν (4.16)
and
[Xµ,Xν ] = 0 . (4.17)
So we see from these both equation that the shifted coordinated operator (4.15) allows us
to recover the commutativity. Hence, differently form xˆµ, we can say that Xˆµ forms a basis
in the Hilbert space. This fact will be important very soon.
To construct an extended DFR algebra in (x, θ) space, we can write
Mµν = Xµpν − Xνpµ − θµσ π νσ + θνσ π µσ ,
where Mµν are the antisymmetric generators for the Lorentz group. To construct πµν we
have to obey equations (4.8b) and (2.9), obviously. From (4.8a) we can write the generators
for translations as
Pµ = −i∂µ .
With these ingredients it is easy to construct the commutation relations
[Pµ,Pν ] = 0
[Mµν ,Pρ] = − i
(
ηµν Pρ − ηµρPν
)
(4.18)
[Mµν ,Mρσ ] = − i ( ηµρMνσ − ηµσ Mνρ − ηνρMµσ − ηνσ Mµρ ) ,
and we can say that Pµ and Mµν are the generators for the extended DFR algebra. These
relations are important because they are essential for the construction of the Dirac equation
in this extended DFR configuration D = 10 (x, θ) space [10]. It can be shown that the
Clifford algebra structure generated by the 10 generalized Dirac matrices Γ relies on these
relations [5]. In [11], the reader can find a complete discussion about the symmetries
involved in this extended DFR space.
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4.1 The symmetries
In this little section, for completeness, we will review ([14] and the references within) the
symmetries involved with the DFRA elements. They will be important when we attack
the main issue of this paper which the charged scalar field action and the solution of its
equations of motion.
Analyzing the Lorentz symmetry in NCQM following the lines above, once we introduce
an appropriate theory, for instance, given by a scalar action. We know, however, that the
elementary particles are classified according to the eigenvalues of the Casimir operators
of the inhomogeneous Lorentz group. Hence, let us extend this approach to the Poincare´
group P. By considering the operators presented here, we can in principle consider
G =
1
2
ωµνM
µν − aµpµ + 1
2
bµνπ
µν (4.19)
as the generator of some group P ′, which has the Poincare´ group as a subgroup. By
defining the dynamical transformation of an arbitrary operator A in H in such a way that
δA = i [A,G] we arrive at the set of transformations,
δXµ = ωµνX
ν + aµ
δpµ = ω
ν
µ pν
δθµν = ωµρθ
ρν + ωνρθ
µρ + bµν
δπµν = ω
ρ
µ πρν + ω
ρ
ν πµρ
δMµν1 = ω
µ
ρM
ρν
1 + ω
ν
ρM
µρ
1 + a
µpν − aνpµ
δMµν2 = ω
µ
ρM
ρν
2 + ω
ν
ρM2
µρ + bµρπ νρ + b
νρπµρ
δxµ = ωµνx
ν + aµ +
1
2
bµνpν (4.20)
We observe that there is an unexpected term in the last one of (4.20) system. This is
a consequence of the coordinate operator in (4.15), which is a nonlinear combination of
operators that act on H1 and H2.
The action of P ′ over the Hilbert space operators is in some sense equal to the action
of the Poincare´ group with an additional translation operation on the (θµν) sector. All
its generators close in an algebra under commutation, so P ′ is a well defined group of
transformations. As a matter of fact, the commutation of two transformations closes in
the algebra
[δ2, δ1]y = δ3 y (4.21)
where y represents any one of the operators appearing in (4.20). The parameters compo-
sition rule is given by
ωµ3 ν = ω
µ
1 αω
α
2 ν − ωµ2 αωα1 ν
aµ3 = ω
µ
1 νa
ν
2 − ωµ2 νaν1 (4.22)
bµν3 = ω
µ
1 ρb
ρν
2 − ωµ2 ρbρν1 − ων1 ρbρµ2 + ων2 ρbρµ1 .
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These symmetries can also be dynamically constructed using alternatively the Lagrangian
formalism instead of the Hamiltonian one. The symmetry explored in the Eqs. (4.20) is
discussed with more details in [9]
4.2 The DFRA operators
From (4.15) we obtained the commutators (4.16) and (4.17) and we recovered the commu-
tativity. So, it is easy to show that the shifted coordinate operator Xµ given in (4.15) also
commutes with θµν and πµν , hence it can be used to construct a basis for this extended
spacetime.
However, differently from [7] we will use the CCR algebra (last section) to guide us to
a mathematically rigorous manner to construct the DFRA operators.
Let us consider (using the CCR algebra described in the last section), for example, a
D = 3 case. In this case the anti-symmetric tensor θij corresponds to a (pseudo) vector σ
such that,
θij = ǫijk σk ⇒ σk = 1
2
ǫkjl θ
jl (4.23)
where ǫijk is the three dimensional Levi-Civitta tensor.
Analogously there is a vector τ that corresponds to πij in the form
πij = ǫijk τ
k ⇒ τk = 1
2
ǫkjl πjl (4.24)
With both σ and τ we can rewrite the relation (4.8b) such that,
[σk , τ
l ] = i δlk , (4.25)
and this last equation together with Eqs. (4.7)-(4.12) and (4.16) satisfy the CCR relations
seen in the last section.
Following the Stone-von Neumann theorems (last section), every irreducible regular
representation is unitarily equivalent to the Schro¨dinger representation as we saw in (3.6).
Then, in six dimensions we have that,
H = (R6, d3X d3σ ) (4.26)
where the operators Xˆk and σˆl are multiplicative and pˆk and τˆ
l are partial derivatives, as
we saw in Eqs. (3.7) and (3.8). So, for τˆk we can write,
τˆk = − i ∂
∂ σk
. (4.27)
If we consider the transformation of variables as the one in (3.7),
{σk , k = 1, 2, 3} → {θkl , k < l } (4.28)
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we have that in a NC space
H = (R6, d3X dθ12 dθ23 dθ31 ) , (4.29)
and the θˆkl operators are multiplicative and the πˆkl operators can be written as
πˆkl = ǫklm τˆ
m = − i ǫklm ∂
∂σm
= −i ǫklm
∑
r<s
∂θrs
∂σm
∂
∂θrs
= − i
2
ǫklm
∑
r,s
ǫrsm
∂
∂θrs
= − i
2
δrskl
∂
∂θrs
= − i ∂
∂θkl
, (4.30)
which obeys relation (4.14). In an analogous way we can calculate the other operators and
we can extend this calculation to spacetime. Notice that in [7] although correct, there was
not a precise demonstration of the form of operator πˆµν . Besides, we show here that the
DFRA algebra obeys the rules of a CCR algebra.
5 The action and symmetry relations
In this section we construct the NC Klein-Gordon equation and provide its symmetries
[14]. An important point is that, due to (4.1), the operator xµ can not be used to label a
possible basis in H. However, as the components of Xµ commute (it can be verified from
(4.7)-(4.14) and (4.15)), their eigenvalues can be used for such purpose. From now on let
us denote by x and θ the eigenvalues of X and θ. In [9] we have considered these points
with some detail and have proposed a way for constructing actions representing possible
field theories in this extended x + θ spacetime. One of such actions, generalized in order
to allow the scalar fields to be complex, is given by
S = −
∫
d4 x d6θ
{
∂µφ∗∂µφ+
λ2
4
∂µνφ∗∂µνφ+m2 φ∗φ
}
, (5.1)
where λ is a parameter with dimension of length, as the Planck length, which is introduced
due to dimensional reasons. Here we are also suppressing a possible factor Ω(θ) in the
measure, which is a scalar weight function, used in Refs. [23–28], in a NC gauge theory
context, to make the connection between theD = 4+6 and theD = 4 formalisms. Also ✷ =
∂µ∂µ, with ∂µ =
∂
∂xµ and ✷θ =
1
2∂
µν∂µν , where ∂µν =
∂
∂θµν and η
µν = diag(−1, 1, 1, 1).
The corresponding Euler-Lagrange equation reads
δS
δφ
= (✷+ λ2✷θ −m2)φ∗
= 0 , (5.2)
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with a similar equation of motion for φ. The action (5.1) is invariant under the transfor-
mation
δφ = −(aµ + ωµνxν) ∂µφ−
1
2
(bµν + 2ωµρθ
ρν) ∂µνφ , (5.3)
besides the phase transformation
δφ = −iα φ , (5.4)
with similar expressions for φ∗, obtained from (5.3) and (5.4) by complex conjugation.
We observe that (4.20) closes in an algebra, as in (4.21), with the same composition rule
defined in (4.22). That equation defines how a complex scalar field transforms in the x+ θ
space under P ′. The transformation subalgebra generated by (4.20) is of course Abelian,
although it could be directly generalized to a more general setting.
Associated with those symmetry transformations, we can define the conserved currents
[9]
jµ =
∂L
∂∂µφ
δφ+ δφ∗
∂L
∂∂µφ∗
+ Lδxµ ,
jµν =
∂L
∂∂µνφ
δφ+ δφ∗
∂L
∂∂µνφ∗
+ Lδθµν . (5.5)
Actually, by using Eqs. (4.20) we can show, after some algebra, that
∂µj
µ + ∂µνj
µν = −δS
δφ
δφ− δφ∗ δS
δφ∗
. (5.6)
Similar calculations can be found, for instance, in [9]. The expressions above allow us
to derive a specific charge
Q = −
∫
d3xd6θ j0 , (5.7)
for each kind of conserved symmetry encoded in (4.20), since
Q˙ =
∫
d3xd6θ (∂ij
i +
1
2
∂µνj
µν) (5.8)
vanishes as a consequence of the divergence theorem in this x+ θ extended space. Let us
consider each specific symmetry in (4.20). For usual x-translations, we can write j0 = j0µa
µ,
permitting us to define the total momentum
Pµ = −
∫
d3xd6θ j0µ
=
∫
d3xd6θ (φ˙∗∂µφ+ φ˙∂µφ∗ −Lδ0µ) . (5.9)
For θ-translations, we can write that j0 = j0µνb
µν and consequently giving
Pµν = −
∫
d3xd6θ j0µν
=
1
2
∫
d3xd6θ (φ˙∗∂µνφ+ φ˙∂µνφ∗) . (5.10)
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In a similar way we define the Lorentz charge. By using the operator
∆µν = x[µ∂ν] + θ
α
[µ ∂ν]α , (5.11)
and defining j0 = j¯0µνω
µν , we can write
Mµν = −
∫
d3xd6θ j¯0µν
=
∫
d3xd6θ (φ˙∗∆νµφ+ φ˙∆νµφ∗ − Lδ0[µxν]) . (5.12)
Finally, for the symmetry given by (4.20), we obtain the U(1) charge
Q = i
∫
d3xd6θ (φ˙∗φ− φ˙φ∗) . (5.13)
Now let us show that these charges generate the appropriate field transformations
(and dynamics) in a quantum scenario, as generalized Heisenberg relations. To start the
quantization of such theory, we can define as usual the field momenta
π =
∂L
∂φ˙
= φ˙∗ ,
π∗ =
∂L
∂φ˙∗
= φ˙ , (5.14)
satisfying the non vanishing equal time commutators (in what follows the commutators are
to be understood as equal time commutators)
[π(x, θ), φ(x′, θ′)] = −iδ3(x− x′)δ6(θ − θ′) ,
[π∗(x, θ), φ∗(x′, θ′)] = −iδ3(x− x′)δ6(θ − θ′) . (5.15)
Let us generalize the usual field theory and rewrite the charges in Eqs. (5.9)-(5.13) by
eliminating the time derivatives of the fields in favor of the field momenta. After that we
use (5.15) to dynamically generate the symmetry operations. Having said that, accordingly
to (5.9) and (5.14), the spatial translation is generated by
Pi =
∫
d3xd6θ
(
π∂iφ+ π
∗∂iφ∗
)
, (5.16)
and it is trivial to verify, by using (5.15), that
[Pi,Y(x, θ)] = −i∂iY(x, θ) , (5.17)
where Y represents φ, φ∗, π or π∗. The dynamics is generated by
P0 =
∫
d3xd6θ
(
π∗π + ∂iφ∗∂iφ+
λ2
4
∂µνφ∗∂µνφ+m2φ∗φ
)
(5.18)
accordingly to (5.9) and (5.14). At this stage it is convenient to assume that classically
∂µνφ∗∂µνφ ≥ 0 to assure that the Hamiltonian H = P0 is positive definite. By using the
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fundamental commutators (5.15), the equations of motion (5.2) and the definitions (5.14),
it is possible to prove the Heisenberg relation
[P0,Y(x, θ)] = −i∂0Y(x, θ) . (5.19)
The θ-translations, accordingly to (5.10) and (5.14), are generated by
Pµν =
∫
d3xd6θ
(
π∂µνφ+ π
∗∂µνφ∗
)
, (5.20)
and one obtains trivially by (5.15) that
[Pµν ,Y(x, θ)] = −i∂µνY(x, θ) . (5.21)
The Lorentz transformations are generated by (5.12) in a similar way. The spatial
rotations generator are given by
Mij =
∫
d3xd6θ
(
π∆jiφ+ π
∗∆jiφ∗
)
, (5.22)
while the boosts are generated by
M0i =
1
2
∫
d3xd6θ
{
π∗πxi − x0(π∂iφ+ π∗∂iφ∗)
+ π(2θ γ[i ∂0]γ − x0∂i)φ+ π∗(2θ γ[i ∂0]γ − x0∂i)φ∗
+ (∂jφ
∗∂jφ+
λ2
4
∂µνφ∗∂µνφ+m2φ∗φ)xi
}
. (5.23)
As can be verified in a direct way for (5.22) and in a little more indirect way for (5.23),
[Mµν ,Y(x, θ)] = i∆µνY(x, θ) , (5.24)
for any dynamical quantity Y, where ∆µν has been defined in (5.11). At last we can rewrite
(5.13) as
Q = i
∫
d3xd6θ
(
πφ− π∗φ∗
)
, (5.25)
and its conjugate, and similar expressions for π and π∗. So, the P’ and (global) gauge
transformations can be generated by the action of the operator (analogously as in (4.19))
G =
1
2
ωµνM
µν − aµPµ + 1
2
bµνPµν − αQ (5.26)
over the complex fields and their momenta, by using the canonical commutation relations
(5.15). In this way the P’ and gauge transformations are generated as generalized Heisen-
berg relations. This result shows the consistence of the above formalism. Furthermore,
there are also four Casimir operators defined with the operators given above, with the
same form as those previously defined at a first quantized perspective (see [14]). So, the
structure displayed above is very similar to the usual one found in ordinary quantum com-
plex scalar fields. We can go one step further, by calculating the solutions of the equations
of motion through the Green’s functions and hence constructing the basic structure related
to free bosonic fields. This is our objective from now on.
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6 Plane waves and Green’s functions
From the first principles we can construct the generalized Huygens’ principle in NC DFRA
spacetime. It can be described as,
ψ(xˆ′, θ′, t′) = i
∫
d3x d6θΩ(θ)G(xˆ′, θ′, t′; xˆ, θ, t)ψ(xˆ, θ, t) (6.1)
where ψ(xˆ′, θ′, t′) is the wave that arrives at (xˆ′, θ′) at time t′. We can call the quantity
G(xˆ′, θ′, t′; xˆ, θ, t) as the extended Green’s function or the extended propagator. In Planck
scale, it can describe the effect of the ψ(xˆ, θ, t), which was at point (xˆ, θ) in the past, at
time t < t′, on the wave ψ(xˆ′, θ′, t′), which is at point (xˆ′, θ′) at the later time t′. Of
course that, if the Green’s function G(xˆ′, θ′, t′; xˆ, θ, t) is known, we can determine the final
physical state ψ(xˆ′, θ′, t′), which develops from a given initial state ψ(xˆ, θ, t), using (6.1).
With the expression for G, we can solve the complete scattering problem. It is equivalent
to the complete solution of Klein-Gordon’s equation in NC spacetime, namely, the DFRA
spacetime. Hence, the final form of the Green’s function is our cherished result, which
will be accomplished completely in the next section. For now we will describe the basic
elements of NC theory.
In order to explore a little more the framework described in the last sections, let us
rewrite the generalized charged Klein-Gordon action (5.1) with source terms as
S = −
∫
d4xd6θ
{
∂µφ∗∂µφ +
λ2
4
∂µνφ∗∂µνφ + m2 φ∗φ + J∗φ + Jφ∗
}
. (6.2)
The corresponding equations of motion are
(✷+ λ2✷θ −m2)φ(x, θ) = J(x, θ) (6.3)
as well as its complex conjugate one. We have the following formal solution
φ(x, θ) = φJ=0(x, θ) + φJ(x, θ) (6.4)
where, clearly, φJ=0(x, θ) is the source free solution and φJ(x, θ) is the solution with J 6= 0.
The Green’s function for (6.3) satisfies
(✷+ λ2✷θ −m2)G(x− x′, θ − θ′) = δ10(x− x′, θ − θ′) , (6.5)
where δ10(x−x′, θ−θ′) = δ4(x−x′) δ6(θ−θ′) and the Dirac’s delta functions can be defined
in NC spacetime as
δ4(x− x′) = 1
(2π)4
∫
d4K(1) e
iK(1)·(x−x′) , (6.6)
δ6(θ − θ′) = 1
(2π)6
∫
d6K(2) e
iK(2)·(θ−θ′) . (6.7)
Now let us define
X = (xµ,
1
λ
θµν) (6.8)
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and
K = (Kµ(1), λK
µν
(2)) , (6.9)
where λ is a parameter that carries the dimension of length, as said before. From (6.8)
and (6.9) we write that K · X = K(1)µ xµ + 12K(2)µν θµν . The factor 12 is introduced
in order to eliminate repeated terms. In what follows it will also be considered that
d10K = d4K(1)d
6K(2) and d
10X = d4x d6θ.
So, from (6.3) and (6.5) we formally have that
φJ(X) =
∫
d10X ′G(X −X ′)J(X ′) . (6.10)
To derive an explicit form for the Green’s function, let us expand G(X −X ′) in terms
of plane waves. Hence, we can write that,
G(X −X ′) = 1
(2π)10
∫
d10K G˜(K) eiK·(X−X
′) . (6.11)
Now, from (6.5), (6.6), (6.7) and (6.11) we obtain that,(
✷+ λ2✷θ −m2
) ∫ d10K
(2π)10
G˜(K) eiK·(x−x
′) =
∫
d10x
(2π)10
eiK·(x−x
′) (6.12)
giving the solution for G˜(K) as
G˜(K) = − 1
K2 + m2
(6.13)
where, from (6.9), K2 = K(1)µK
µ
(1) +
λ2
2 K(2)µν K
µν
(2).
Substituting (6.13) in (6.11) we obtain
G(x− x′, θ − θ′) = 1
(2π)10
∫
d9K
∫
dK0
1
(K0)2 − ω2 e
iK·(x−x′) (6.14)
where the NC “frequency” in the (x+ θ) space is defined to be
ω = ω( ~K(1),K(2)) (6.15)
=
√
~K(1) · ~K(1) +
λ2
2
K(2)µν K
µν
(2) −m2
which can be understood as the dispersion relation in this DFRA spacetime. We can see
also, from (6.14), that there are two poles K0 = ± ω in this framework. Of course we can
construct an analogous solution for φ∗J(x, θ).
In general, the poles of the Green’s function can be interpreted as masses for the stable
particles described by the theory. We can see directly from equation (6.15) that the plane
waves in the (x + θ) space establish the interaction between the currents in this space
and have energy given by ω( ~K(1),K(2)) since ω
2 = ~K2(1) +
λ2
2 K
2
(2) + m
2 = K2(1,2) + m
2,
where K2(1,2) =
~K2(1) +
λ2
2 K
2
(2) . So, one can say that the plane waves that mediate the
interaction describe the propagation of particles in a x+ θ spacetime with a mass equal to
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m. Accordingly to the point described in section III, we can assume that the Hamiltonian
is positive definite and it is directly related to the hypothesis that K2(1,2) = −m2 < 0.
However if the observables are constrained to a four dimensional spacetime, due to some
kind of compactification, the physical mass can have contributions from the NC sector.
Substituting (6.10) and (6.14) into (6.2), we arrive at the effective action
Seff = −
∫
d4x d6θ d4x′ d6θ′ J∗(X)
∫
d9K
(2π)10
∫
dK0
1
(K0)2 − ω2 + iε e
iK·(X−X′) J(X ′) ,
(6.16)
which could be obtained, in a functional formalism, after integrating out the fields, which
will be calculated in the following sections.
In the next section we will focus on the construction of the retarded and advanced
Green functions in DFRA spacetime.
7 The NC Retarded and advanced Green functions
Notice that our objective in this work, besides to compute the retarded and advanced
Green function is to analyze also the causality in the DFRA NC spacetime. Firstly, in
order to obtain the solution of equation (6.3) and its complex conjugate one, namely,
(
✷ + λ2✷θ − m2
)
φ(x, θ) = J(x, θ) (7.1a)(
✷ + λ2✷θ − m2
)
φ∗(x, θ) = J∗(x, θ) (7.1b)
These solutions gives us the “in” and “out” states respectively given by
|αθ > = |αθ, t→ −∞ > (7.2)
|βθ > = |βθ, t→∞ > (7.3)
(7.4)
where αθ and βθ are the states in a NC spacetime (DFRA) defined asymptotically, at times
t→ −∞ and t→∞ respectively.
The solution given in Eq. (7.1a) can be written explicitly in terms of the retarded and
advanced Green functions as
φ(x, θ) = φin(x, θ) +
∫
dy G(+)(x− x′, θ − θ′)
(
✷ + λ2✷θ − m2
)
φ(x′, θ′) (7.5)
and
φ(x, θ) = φout(x, θ) +
∫
dy G(−)(x− x′, θ − θ′)
(
✷ + λ2✷θ − m2
)
φ(x′, θ′) (7.6)
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where G(+)(x − x′, θ − θ′) and G(−)(x − x′, θ − θ′) are the retarded and advanced Green
functions as we will see its calculation in the next section.
With the solutions (7.5) and (7.6) we can construct an expression for the operator S
in DFRA spacetime like,
φout(x, θ) = S
† φin(x, θ)S . (7.7)
One can ask if the LSZ condition (weak asymptotic condition) is valid in DFRA spacetime.
An expression like
lim
t→±∞ < aθ |φ(x, θ) | bθ >=< aθ |φoutin (x, θ) | bθ > (7.8)
where | aθ > and | bθ > are arbitrary states in the extended Hilbert space would have to be
valid in this DFRA spacetime. If the LSZ condition in Planck scale at the NC spacetime
is true, the next step is to construct the vacuum expectation value. But it is beyond the
scope of this work.
We start our calculations by considering the Fourier transform of the Green function
defined in (6.16), in (4 + 6)D
G(γ)(x− x′; θ − θ′) =
∫
d3k
(2π)3
d3q
(2π)3
d3q˜
(2π)3
∫
γ
dω
2π
e−iK·(X−X
′)
ω2 − k2 − λ2(q2 + q˜2) , (7.9)
and using the definitions that we have shown in the earlier section K · (X −X ′) = k · (x−
x′) + q · (θ − θ′) + q˜ · (θ˜ − θ˜′), where (q˜, θ˜) are dual of (qij, θij). Those integrals can be
written as
G(γ)(x− x′; θ − θ′) =
∫
d3k
(2π)3
eik·(x−x
′)
∫
d3q
(2π)3
eiq·(θ−θ
′)
×
∫
d3q˜
(2π)3
eiq˜·(θ˜−θ˜
′)
∫
γ
dω
2π
e−iω(t−t
′)
ω2 − k2 − λ2(q2 + q˜2) , (7.10)
where γ is a contour in the complex ω-plane infinitesimally close to the real axis but
bypassing the singularities in this axis. The poles on the complex ω-plane are given by
ω± = ±ω(k) , (7.11)
where ω(k) =
√
k2 + λ2(q2 + q˜2). The choice in the Green function (7.10) of a contour γ
bypassing the poles at the points ω = ±ω(k) on the real axis is equivalent to displace them
by infinitesimal imaginary quantities. The displacement ±ω(k) 7→ ±ω(k)− iε gives rise to
the retarded Green function of the wave equation and the displacement ±ω(k) 7→ ±ω(k)+
iε, to the advanced Green function of the wave equation. For the so called causal Green
function the displacement is given by the Feynman prescription ±ω(k) 7→ ±(ω(k) − iε).
These Green functions can be calculated by the usual complex variable technique of closing
the contour γ by an infinity semicircle on the upper or lower half plan, as we will do in the
next section.
For the retarded Green function prescription we take the poles at
ω± = ±ω(k)− iε , (7.12)
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as illustrated by Figure 1. Let us notice that for convenience the poles originally outside
the real axis have also been displaced by −iε, which is of no consequence due to the usual
limit ε→ 0 taken at the end of the calculations. We indicate that the retarded prescription
ℜ(ω)
ℑ(ω)
ω(k)− iε−ω(k)− iε rr
Figure 1. Poles in the complex ω-plane for the calculation of the retarded Green function.
(7.12) has been enforced on the Green function (7.10), by replacing in it the symbol (γ) by
(+). For t− t′ > 0 the ω-integration on the real axis is extended to a closed contour with
the usual infinite radius semicircle on the lower imaginary half-plane. Applying Cauchy’s
integral to those contour integral, we obtain
G(+)(x− x′; θ − θ′)
∣∣∣
t>t′
=
∫
d3k
(2π)3
eik·(x−x
′)
∫
d3q
(2π)3
eiq·(θ−θ
′)
×
∫
d3q˜
(2π)3
eiq˜·(θ˜−θ˜
′)
sin
[
(t− t′)
√
k2 + λ2(q2 + q˜2)
]
√
k2 + λ2(q2 + q˜2)
, (7.13)
where the limit ε → 0 has already been taken. Now we perform all the angular integrals
in the integration variables (k,q, q˜), we obtain the following result
G(+)(x− x′; θ − θ′)
∣∣∣
t>t′
=
1
|x− x′|
1
|θ − θ′|
1
|θ˜ − θ˜ ′|
∫ ∞
0
dk
(2π)2
k sin(k|x − x′|)
×
∫ ∞
0
dq
2π2
q sin(q|θ − θ′|)
∫ ∞
0
dq˜
2π2
q˜ sin(q˜|θ˜ − θ˜′|)
sin
[
(t− t′)
√
k2 + λ2(q2 + q˜2)
]
√
k2 + λ2(q2 + q˜2)
.(7.14)
The integration (q, q˜) can be performed by using a table of integrals [29], so we will calculate
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the integrals to obtain
G(+)(x− x′; θ − θ′)
∣∣∣
t>t′
=
1
8π(2π)3λ|x− x′|
1[
λ2(t− t′)2 − |θ − θ′|2 − |θ˜ − θ˜′|2
]3/2
{[
−|θ − θ
′|2 + |θ˜ − θ˜′|2
2λ4(t− t′)3 +
λ2(t− t′)2 − |θ − θ ′|2 − |θ˜ − θ˜′|2
2λ4(t− t′)2
d
dt′
]
 δ′(t′ − tr)√
|x− x′|2 + λ−2|θ − θ′|2 + λ−2|θ˜ − θ˜′|2
− δ
′(t′ − tr)|x− x′|2(
|x− x′|2 + λ−2|θ − θ′|2 + λ−2|θ˜ − θ˜′|2
)3/2
+
δ′′(t′ − tr)|x− x′|2
|x− x′|2 + λ−2|θ − θ′|2 + λ−2|θ˜ − θ˜′|2
]
− 1
t− t′
 δ′(t′ − tr)√
|x− x′|2 + λ−2|θ − θ′|2 + λ−2|θ˜ − θ˜′|2
− δ
′(t′ − tr)|x− x′|2(
|x− x′|2 + λ−2|θ − θ′|2 + λ−2|θ˜ − θ˜′|2
)3/2
+
δ′′(t′ − tr)|x− x′|2
|x− x′|2 + λ−2|θ − θ′|2 + λ−2|θ˜ − θ˜′|2
]
− 3/2δ(t
′ − tr)
(t− t′)2 + |θ−θ ′|2
λ2
+ |θ˜−θ˜
′|2
λ2
 1√
|x− x′|2 + λ−2|θ − θ′|2 + λ−2|θ˜ − θ˜′|2
− |x− x
′|2(
|x− x′|2 + λ−2|θ − θ′|2 + λ−2|θ˜ − θ˜′|2
)3/2 + |x− x′|2|x− x′|2 + λ−2|θ − θ′|2 + λ−2|θ˜ − θ˜′|2

 ,
(7.15)
where we have written the delta functions in terms of retarded time tr in (4 + 6)D that is
given by
tr = t−
√
|x− x′|2 + |θ − θ
′|2
λ2
+
|θ˜ − θ˜′|2
λ2
, (7.16)
and t− t′ > 0.
The retarded Green function computed in (7.15) allows us to write the asymptotical
solutions (7.5) of the equations (7.1a) and (7.1b). We can see from (7.16) that the retarded
time is affected by the noncommutativity introduced in the Klein-Gordon theory. From
(7.15) we realize that the presence of the NC parameter does not constitute a point of
singularity. It is obvious that when these parameters are zero we have the commutative
theory. The advanced Green function is calculated in an analogous way and we will display
its form here in order to avoid another big expression like the one in (7.15). It is clear that
the same features present in the retarded Green function will analogously appear in the
advanced Green function.
With the retarded and advanced NC Green functions we can construct the NC version
of the Pauli-Jordan function, i.e.,
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G(x, θ) = G(+)(x, θ) − G(−)(x, θ) , (7.17)
which satisfy the homogeneous NC Klein-Gordon equation with J(x, θ) = J∗(x, θ) = 0 in
(7.1a) and (7.1b) respectively. Hence, with the solution for the retarded Green function
obtained in (7.15) we can also calculate the homogeneous solution of equation (6.3).
We can also construct the NC Pauli-Jordan function in the following way,
G(x, θ) = G(+)(x, θ) + G−(x, θ) (7.18)
where G(+) and G(−) are the parts of the NC Pauli-Jordan with positive and negative
frequencies respectively.
In the next section we will analyze the causality problem in DFRA spacetime. The
standard procedure is to compute the causal Green function (the Feynman propagator)
for the Klein-Gordon equation where the source term is a delta function, i.e., J(x, θ) =
δ9 (x − x′, θ − θ′), in (7.1a) and (7.1b). The principle of causality is also valid in a NC
spacetime like the DFRA one. Even in the NC part of its phase space, we have an absence
of faster-than-light transmission of signals.
The NC causal Green function is an essential ingredient for the analysis of interacting
field theory in DFRA spacetime by using a kind of NC perturbation theory, for example.
8 The NC causal Green function
In this section we will calculate the causal Green function, i.e., the Feynman propagator.
Namely, it is a solution of the inhomogeneous NC Klein-Gordon equation containing a
delta function as we said above.
As mentioned, its prescription is by substituting ±ω(k) 7−→ (±ω(k) − iε) in the ex-
pression of the Fourier transform (7.14)
G(F )(x− x′; θ − θ′) =
∫
d3k
(2π)3
eik·(x−x
′)
∫
d3q
(2π)3
eiq·(θ−θ
′)
×
∫
d3q˜
(2π)3
eiq˜·(θ˜−θ˜
′)
∫
F
dω
2π
e−iω(t−t′)
ω2 − k2 −m2 − λ2(q2 + q˜2)− iε , (8.1)
in which the notation (F ) indicates the Feynman Green function where the poles are
displaced as
ω± = ±ω(k)− iε , (8.2)
and illustrated by Figure 2. The calculation of the ω-integration is also an application
of the Cauchy theorem but with the two contribution of the upper and lower imaginary
half-plane, so we obtain the result
G(F )(x− x′; θ − θ′) = −i
∫
d3k
(2π)3
eik·(x−x
′)
∫
d3q
(2π)3
eiq·(θ−θ
′)
×
∫
d3q˜
(2π)3
eiq˜·(θ˜−θ˜′)
2
√
k2 +m2 + λ2 (q2 + q˜2)
[
ei(t−t
′)
√
k2+m2+λ2(q2+q˜2)Θ(t′ − t)
+e−i(t−t
′)
√
k2+m2+λ2(q2+q˜2)Θ(t− t′)
]
. (8.3)
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ℜ(ω)
ℑ(ω)
ω(k)− iε
−ω(k) + iε
r
r
Figure 2. Poles in the complex ω-plane for the calculation of the causal Green function.
The angular integrals in the variables (k,q, q˜) are performed to give
G(F )(x− x′; θ − θ′) = − i|x− x′|
1
|θ − θ′|
1
|θ˜ − θ˜ ′|
∫ ∞
0
dk
(2π)2
k sin(k|x− x′|)
×
∫ ∞
0
dq
(2π)2
q sin(q|θ − θ′|)
∫ ∞
0
dq˜
2π2
q˜
sin(q˜|θ˜ − θ˜′|)√
k2 +m2 + λ2(q2 + q˜2)
×
[
ei(t−t
′)
√
k2+m2+λ2(q2+q˜2)Θ(t′ − t) + e−i(t−t′)
√
k2+m2+λ2(q2+q˜2)Θ(t− t′)
]
. (8.4)
G(F )(x− x′; θ − θ′) = − 1
4πλ|x− x′|
1
|θ − θ′|
1√
(t− t′)2 − |θ˜ − θ˜′|2
×
∫ ∞
0
dk
(2π)2
k sin(k|x− x′|)
∫ ∞
0
dq
(2π)2
q sin(q|θ − θ′|)
√
q2 +
k2 +m2
λ2
×
[
H
(1)
1
(√
q2 +
k2 +m2
λ2
√
(t− t′)2 − |θ˜ − θ˜′|2
)
Θ(t′ − t)
−H(2)1
(√
q2 +
k2 +m2
λ2
√
(t− t′)2 − |θ˜ − θ˜′|2
)
Θ(t− t′)
]
. (8.5)
The next integration (q˜, q) are calculated with help of a integrals handbook [29] which
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result is
G(F )(x− x′; θ − θ′) = − 1
16π2λ|x− x′|
1
(λ2(t− t′)2 − |θ − θ′|2 − |θ˜ − θ˜′|2)3/2
∫ ∞
0
dk
(2π)2
k
× sin(k|x− x′|)
ei
√
k2+m2
√
(t−t′)2− |θ−θ′|2
λ2
− |θ˜−θ˜′|2
λ2
k2 +m2
λ2
+
3i
√
k2 +m2
λ
√
λ2(t− t′)2 − |θ − θ′|2 − |θ˜ − θ˜′|
− 3
λ2(t− t′)2 − |θ − θ′|2 − |θ˜ − θ˜′|
]
Θ(t′ − t)− e−i
√
k2+m2
√
(t−t′)2− |θ−θ′|2
λ2
− |θ˜−θ˜′|2
λ2
k2 +m2
λ2
− 3i
√
k2 +m2
λ
√
λ2(t− t′)2 − |θ − θ′|2 − |θ˜ − θ˜′|
− 3
λ2(t− t′)2 − |θ − θ′|2 − |θ˜ − θ˜′|
Θ(t− t′)

(8.6)
With this object we can define a NC time-ordered product of NC operators. Notice
that in (8.6) we had to avoid the singularities in the NC spacetime, i.e., the singularities
in the NC phase space where the θ parameter are coordinates.
9 Conclusions and perspectives
To be free of the infinities that dwell in quantum field theory, Snyder described a Lorentz
covariant deformation of the Heisenberg algebra. It has the properties that the position
operators are noncommuting and have discrete spectra [1]. In other words, the “Snyder
space” can be considered a lattice description of space which occurs thanks to the discrete
position spectra.
To sum up the procedure, Snyder introduced a five-dimensional spacetime with SO(4, 1)
as a symmetry group with generators MAB where A,B = 0, 1, 2, 3, 4. Moreover, he pos-
tulated the identification between coordinates and generators of the SO(4, 1) algebra, i.e.,
xµ = aM4µ, where µ, ν = 0, 1, 2, 3 and the parameter a has dimension of length. In this
way he promoted the spacetime coordinates to be Hermitian operators. The fact that the
open strings theory in the presence of a magnetic background introduced spacetime non-
commutativity with the NC parameters θµν being constant violates Lorentz symmetry, but
permits one to treat NCFT’s as deformations of ordinary quantum field theories. However,
assuming that θµν is in fact a tensor operator with the same hierarchical level as in the x’s
could recover the Lorentz invariance. To treat θµν as an ordinary coordinate of spacetime
lead us to construct a canonical conjugate momentum associated to this coordinate. Hence,
all these objects live in a ten dimensional NC spacetime.
After investigating the quantum mechanical consequences of this framework, a NCFT
has begun to have its basic elements constructed in this DFRA spacetime. However, it is
not trivial to construct all the operators of the DFRA quantum algebra because we can
be led to wrong constructions. We showed that the CCR algebra and the DFRA one have
similarities that must be analyzed.
To analyze these analogies, we review the algebraic structure, which is compatible
with the minimal canonical DFRA algebra. It is also invariant under an extended Poincare´
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group of symmetries, but keeping, among others, the usual Casimir invariant operators.
After that, we demonstrated exactly that the DFRA algebra obeys the same rules of a
CCR algebra. This fact permits us to construct precisely the DFRA operators. This is
a new approach of the DFRA framework. The DFRA operators appearing in the current
literature were constructed in the usual way.
We have used the complex scalar fields embedded in the DFRA framework where the
object of noncommutativity θµν represents independent degrees of freedom. We also have
considered arbitrary source terms in order to construct the general solution for the complex
scalar fields using the Green’s function technique. We have provided the whole solution
for the NC Klein-Gordon equation introduced in [14]. Namely, we have calculated the
retarded, the advanced and the causal (the Feynman propagator) Green functions in this
ten dimensional spaces. The presence of the NC parameter does not constitute a source
of singularities and its elimination recover the commutative results. With these results we
show that other aspects of this new NC quantum field theory in DFRA spacetime can be
computed.
The next step in this program, as a future perspective, would be to construct the mode
expansion in order to represent the fields in terms of annihilation and creation operators,
acting on some Fock space to be properly defined. Also possible compactifications schemes
will also be considered. These points are under study and will published elsewhere.
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